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GEOMETRIC INEQUALITIES FOR CRITICAL METRICS
OF THE VOLUME FUNCTIONAL
H. BALTAZAR, R. BATISTA & E. RIBEIRO JR.
Abstract. The goal of this article is to investigate the geometry of critical
metrics of the volume functional on an n-dimensional compact manifold with
(possibly disconnected) boundary. We establish sharp estimates to the mean
curvature and area of the boundary components of critical metrics of the volu-
me functional on a compact manifold. In addition, localized version estimates
to the mean curvature and area of the boundary of critical metrics are also
obtained.
1. Introduction
An outstanding topic in Riemannian geometry is to find canonical metrics on a
given manifold. A promising way for that purpose is to study critical metrics which
arise as solutions of the Euler-Lagrange equations for curvature functionals. Since
there are so many Riemannian metrics on a manifold, one can regard, philosophi-
cally, the finding of critical metrics as an approach to searching for the best metric
for the given manifold. In this scenario, Einstein and Hilbert have proven that the
critical points of the total scalar curvature functional restricted to the set of smooth
Riemannian structures on a compact manifold Mn of unitary volume must be ne-
cessarily Einstein (cf. Theorem 4.21 in [7]), and we therefore have a natural way
to prove the existence of Einstein metrics. The total scalar curvature functional
restricted to a given conformal class is just the Yamabe functional, whose critical
points are constant scalar curvature metrics in that class. Indeed, the equations
of general relativity can be recovered from the Riemannian functionals. Several
great successes in Riemannian geometry continue to be achieved through critical
metrics. Thus, classifying critical metrics of the Riemannian functionals or a good
knowledge of their geometry are definitely important issues.
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In order to proceed let us recall the definition of critical metrics considered
initially by Miao and Tam [17, 18] and Corvino, Eichmair and Miao [11]. Here, for
the sake of simplicity, we adopt the terminology used in [4] and [6].
Let (Mn, g) be a connected compact Riemannian manfold with boundary ∂M.
We say that g is, for brevity, aMiao-Tam critical metric (or simply, critical metric),
if there is a nonnegative smooth function f on Mn such that f−1(0) = ∂M and
satisfies the overdetermined-elliptic system
(1.1) L∗g(f) = −(∆f)g +Hessgf − fRicg = g.
Here, L∗g is the formal L
2-adjoint of the linearization of the scalar curvature operator
Lg. Moreover, Ric, ∆ and Hess stand, respectively, for the Ricci tensor, the
Laplacian operator and the Hessian form on Mn.
Miao and Tam [17] showed that these critical metrics arise as critical points of
the volume functional on Mn when restricted to the class of metrics g with pres-
cribed constant scalar curvature such that g|T∂M = h for a prescribed Riemannian
metric h on the boundary; see also [11]. Such metrics are effectively relevant in
understanding the influence of the scalar curvature in controlling the volume of
a given manifold. In this context, Corvino, Eichmair and Miao [11] were able
to establish a deformation result which suggests that the information of scalar
curvature is not sufficient in giving volume comparison. This is in fact important
because the volume comparison results are often used to explore gemetrical and
topological properties of a given Riemannian manifold. Explicit examples of critical
metrics can be found in [17, 18]. They include the spatial Schwarzschild metrics and
AdS-Schwarzschild metrics restricted to certain domains containing their horizon
and bounded by two spherically symmetric spheres. Besides the standard metrics
on geodesic balls in space forms are critical metrics. There are several uniqueness
results in the literature. For more detailed treatments of this subject see, e.g.,
[1, 4, 6, 11, 15, 17, 18, 21, 22] and references therein.
Boundary estimates are classical objects of study in Geometry and Physics. In
this background, Corvino, Eichmair and Miao [11] showed that the area of the
boundary ∂M of an n-dimensional scalar flat Miao-tam critical metric must have
an upper bound depending on the volume ofMn (cf. [11], Proposition 2.5). Batista
et al. [6], inspired by a classical result obtained in [10] and [20], showed that the
boundary ∂M of a compact three-dimensional oriented Miao-Tam critical metric
(M3, g) with connected boundary and nonnegative scalar curvature must be a 2-
sphere whose area satisfies the inequality area(∂M) ≤ 4pi
C
, where C is a constant
greater than 1. This result also holds for negative scalar curvature, provided that
the mean curvature of the boundary satisfies H > 2, as was proven in [3]; see
also [5]. Thereafter, Baltazar et al. [2] were able to show an isoperimetric type
inequality for Miao-Tam critical metrics with nonnegative scalar curvature. These
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type of estimates may be used to obtain new classification results as well as discard
some possible new examples.
Recently, Borghini and Mazzieri [9] used clever methods to provide a new unique-
ness result for the de Sitter solution which is essentially based on a new notion of
mass established in the realm of static spacetimes with positive cosmological cons-
tant that are bounded by Killing horizons. Generically speaking, one of the main
techniques used by them to establish the result consists on the analysis via the
Maximum Principle of a successful divergence formula. This procedure will be at
the core of some results in this article.
In the first part of the paper, in the spirit of [9] and motivated by the historical
development on the study of critical metrics of the volume functional, we going to
provide a sharp estimate to the mean curvature Hi of the boundary components
∂Mi of a critical metric of the volume functional on an n-dimensional compact
manifold. More precisely, we have established the following result.
Theorem 1. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical me-
tric with boundary ∂M (possibly disconnected). Then we have:
minHi ≤
√
n(n− 1)
R(fmax)2 + 2nfmax
on ∂M,(1.2)
where fmax is the maximum value of f. Moreover, the equality holds if and only if
Mn is isometric to a geodesic ball in a simply connected space form Rn, Sn or Hn.
A relevant observation is that the mean curvature of the boundary of geodesic
balls in space form satisfyH2 = n(n−1)
R(fmax)2+2nfmax
. Therefore, it follows from Theorem
1 that the mean curvature of the boundary of geodesic balls are the maximum
possible among all Miao-Tam critical metrics on compact manifolds with connected
boundary. A key ingredient to establish the proof of Theorem 1 is a Robinson-Shen
Type Identity (cf. Lemma 2 in Section 2) which is essentially inspired by [19] and
[20].
As a consequence of Theorem 1 we obtain the following corollary for scalar flat
case.
Corollary 1. Let (Mn, g, f) be an n-dimensional compact scalar flat Miao-Tam
critical metric with connected boundary ∂M. Then we have:
(1.3) area(∂M) ≤
√
n2
2(n− 1)fmax
V ol(M).
Moreover, the equality holds if and only if Mn is isometric to a geodesic ball in Rn
of radius
√
2(n− 1)fmax.
It was proven in [18] that if Ω is a bounded domain with smooth boundary
in a simply connected space form, then the corresponding space form metric is a
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Miao-Tam critical metric on Ω if and only if Ω is a geodesic ball. From this, as it
was posed in [[18], pg. 2908], it is natural to ask whether geodesic balls are the
only critical metrics whose boundary is isometric to a standard sphere. Next, as an
application of Theorem 1 we obtain the following partial answer to this question.
Corollary 2. Let (Mn, g, f) be an n-dimensional compact scalar flat Miao-Tam
critical metric with boundary isometric to a standard sphere Sn−1(r). If r >√
2(n− 1)fmax, then (Mn, g) can not be isometric to a geodesic ball in a simply
connected space form Rn.
In the sequel we going to establish a localized version of Theorem 1. To this end,
we consider MAX(f) to be the set where the maximum of f is achieved, namely,
MAX(f) = {p ∈M ; f(p) = fmax}
and let E be a single connected component of M \MAX(f). With these settings
we have the following result.
Theorem 2. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical me-
tric with boundary ∂M (possibly disconnected), let E be a single connected com-
ponent of M \ MAX(f), and let ∂E = ∂M ∩ E be the non-empty and possibly
disconnected. Then we have:
minH ≤
√
n(n− 1)
R(fmax)2 + 2nfmax
on ∂E.(1.4)
Moreover, the equality holds if and only if Mn is isometric to a geodesic ball in a
simply connected space form Rn, Sn or Hn.
In other words, we shall prove that if on a single connected component E of
M \MAX(f) it holds
H2 ≥
n(n− 1)
R(fmax)2 + 2nfmax
on ∂E,
then the entire manifold must be isometric to a geodesic ball in Rn, Hn or Sn.
Before proceeding, it is important to recall an useful estimate to the area of the
boundary ∂M of an n-dimensional Miao-tam critical metric which was previously
obtained by contributions by [3, 6] and [11].
Theorem 3 ([3, 6] and [11]). Let (Mn, g, f) be an n-dimensional compact Miao-
Tam critical metric with connected boundary ∂M. For the case of negative scalar
curvature we assume in addition that H2 > −n−1
n
R. Then the area of the boundary
∂M satisfies
(1.5) area(∂M) ≤
1(
n−2
n
R+ n−2
n−1H
2
) ∫
∂M
R∂MdS,
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where R∂M stands for the scalar curvature of (∂M, g|∂M ). Moreover, the equality
holds if and only if Mn is isometric to a geodesic ball in Rn, Hn or Sn.
It is worth mentioning that the scalar flat case was proved by Corvino, Eichmair
and Miao [[11], Eq. (2.19)]. Afterward, the nonnegative scalar curvature case on
three-dimensional manifolds was proved by Batista et al. [6], and hereafter Barbosa
et al. [3] showed the case of negative scalar curvature, provided that the mean
curvature of the boundary satisfies H2 > −n−1
n
R. For the sake of completeness
and comparison, we will include in Section 2 of this paper an alternative proof of
Theorem 3 by using the Robinson-Shen Type Identity obtained in Lemma 2. A
crucial advantage is that the rearrangement of this proof in terms of the Robinson-
Shen identity yields a much more simple presentation.
After these observations, we are ready to state our next result which is a localized
version of Theorem 3. To be precise, we have established the following result.
Theorem 4. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical me-
tric with boundary (possibly disconnected) ∂M, let E be a single connected com-
ponent of M \ MAX(f), and let ∂E = ∂M ∩ E be the non-empty and possibly
disconnected. Then we have:
(1.6)
∫
∂E
|∇f |
(
R∂E −
n− 2
n
R−
n− 2
n− 1
H2
)
dS ≥ 0,
where R∂E is the scalar curvature of (∂E, g|∂E). Moreover, the equality holds in
(1.6) if and only if Mn is isometric to a geodesic ball in Rn, Hn or Sn.
As an immediate consequence of Theorem 4 we have the next corollary.
Corollary 3. Let (M3, g, f) be a three-dimensional compact Miao-Tam critical
metric with boundary (possibly disconnected). Let E be a single connected compo-
nent of M \MAX(f) and suppose that ∂E = ∪ki=1∂Ei. Then we have:
k∑
i=1
1
Hi
(R
6
+
H2i
4
)
area(∂Ei) ≤ 2pi
k∑
i=1
χ(∂Ei)
Hi
,
Moreover, if the equality holds, then M3 must be a geodesic ball in R3, H3 or S3.
Finally, in considering that ∂E is connected we immediately obtain the following
result which can be compared with Theorem 2 in [6].
Corollary 4. Let (M3, g, f) be a three-dimensional compact Miao-Tam critical
metric with boundary. Let E be a single component of M \MAX(f) and suppose
that ∂E is connected. In addition, for the case of negative scalar we assume that
H2 > − 23R. Then ∂E is a 2-sphere and
area(∂E) ≤
4pi(
R
6 +
H2
4
) .
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Moreover, the equality holds if and only if M3 is isometric to a geodesic ball in R3,
H
3 or S3.
2. Background
Throughout this section we review some basic facts and present key results that
will be useful in the proof of our main result. To begin with, we remember that
the fundamental equation of a Miao-Tam critical metric, in the tensorial notation,
is given by
(2.1) − (∆f)gij +∇i∇jf − fRij = gij .
Taking the trace of (2.1) we arrive at
(2.2) ∆f +
R
n− 1
f = −
n
n− 1
.
Putting these facts together, we get
(2.3) ∇i∇jf − fRij = −
Rf + 1
n− 1
gij .
Also, it easy to check from (2.2) that
(2.4) fR˚ic = ˚Hessf,
where T˚ stands for the traceless of T. Furthermore, a Riemannian manifold (Mn, g)
for which there exists a nontrivial function f satisfying (2.1) must have constant
scalar curvature R (cf. Proposition 2.1 in [11] and Theorem 7 in [17]).
It is also important to recall that choosing appropriate coordinates, f and g
are analytic, and hence, the set of regular points of f is dense in Mn (cf. [11],
Proposition 2.1). Thus, at regular points of f, the vector field ν = − ∇f|∇f | is normal
to ∂M and |∇f | is constant (non null) along ∂M (cf. [6], Sec. 3).
The following lemma, obtained previously in [[6], Lemma 5], will be useful.
Lemma 1. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical metric
with connected boundary ∂M. Then we have:
(2.5)
∫
M
f |R˚ic|2dMg = −
1
|∇f |
∫
∂M
R˚ic(∇f,∇f)dS.
For our purposes we going to provide a Robinson-Shen type identity which is
essentially motivated by [19] and [20] and plays a crucial in this paper.
Lemma 2. (Robinson-Shen Type Identity) Let (Mn, g) be a Riemannian manifold
satisfying (2.1). Then we have:
div
[
1
f
∇|∇f |2 −
2∆f
nf
∇f
]
=
2
f
| ˚Hessf |2,
where ˚Hess f = Hess f − ∆f
n
g.
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Proof. First of all, we set X = 1
f
∇|∇f |2 − 2∆f
nf
∇f as field in the interior of Mn in
order to deduce
f
2
divX =
1
2
∆|∇f |2 +
f
2
〈∇f−1,∇|∇f |2〉 −
1
n
(∆f)2 −
f
n
〈∇
(
∆f
f
)
,∇f〉
=
1
2
∆|∇f |2 −
1
f
Hessf(∇f,∇f)−
1
n
(∆f)2
−
1
n
〈∇∆f,∇f〉+
∆f
nf
|∇f |2,
which can be rewritten, using the classical Bochner’s formula, as follows
f
2
divX = | ˚Hessf |2 +Ric(∇f,∇f)−
1
f
Hessf(∇f,∇f)
+
n− 1
n
〈∇∆f,∇f〉+
∆f
nf
|∇f |2.
Consequently, it suffices to use Eqs. (2.1) and (2.2) to obtain
f
2
divX = | ˚Hessf |2 −
(∆f + 1)
f
|∇f |2 −
R
n
|∇f |2 +
∆f
nf
|∇f |2
= | ˚Hessf |2.
This completes the proof of the lemma. 
As anticipated, for the reader’s convenience, we going to include here an alterna-
tive and simpler proof of Theorem 3 as a consequence of the Robinson-Shen Type
Identity obtained in Lemma 2.
2.1. Proof of Theorem 3.
Proof. To begin with, we invoke Lemma 2 jointly with (2.4) to obtain
div
[
1
f
∇|∇f |2 −
2∆f
nf
∇f
]
=
2
f
| ˚Hessf |2
= 2f |R˚ic|2.(2.6)
On the other hand, by the fundamental equation we immediately have
(2.7)
1
f
(
∇|∇f |2 −
2∆f
n
∇f
)
= 2
(
Ric(∇f)−
R
n
∇f
)
.
This substituted into (2.6) gives
(2.8) div
(
Ric(∇f)−
R
n
∇f
)
= f |R˚ic|2
and hence, by using the divergence lemma we get
∫
∂M
〈Ric(∇f)−
R
n
∇f, ν〉dS ≥ 0.
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Of which
(2.9)
∫
∂M
Ric(ν, ν)dS ≤
R
n
area(∂M).
For the other direction, the second fundamental form of ∂M is given by
(2.10) hij = 〈∇eiν, ej〉,
where {e1, . . . , en−1} is an orthonormal frame on ∂M. Hence, we deduce
(2.11) hij = −〈∇ei
∇f
|∇f |
, ej〉 =
1
(n− 1)|∇f |
gij .
Moreover, the mean curvature H = 1|∇f | is constant and ∂M is totally umbilical
(see also [17], Theorem 7). The Gauss equation implies
(2.12) 2Ric(ν, ν) + R∂M = R+
(n− 2)
(n− 1)
H2,
where R∂M stands for the scalar curvature of (∂M, g|∂M ); for more details see Eq.
(45) in [11]. Now, comparing (2.12) with (2.9) we obtain
(2.13) area(∂M) ≤
1(
n−2
n
R+ n−2
n−1H
2
) ∫
∂M
R∂MdS,
which gives the asserted inequality.
Next, supposing that the equality holds, it suffices to return to Eq. (??) to
conclude that
∫
M
f |R˚ic|2dMg = 0. But, since f cannot vanish identically in a
non-empty open set we deduce that |R˚ic|2 = 0 and therefore, Mn is an Einstein
manifold. So, we may apply Theorem 1.1 in [18] to conclude that Mn is isometric
to a geodesic ball in Rn, Hn or Sn.
This is what we wanted to prove. 
In order to proceed it is crucial to recall a gradient estimate, so called the reverse
 Lojasiewicz inequality, on the behaviour of an analytic function near a critical point
(cf. [8], Theorem 1.1.7).
Theorem 5 (Reverse  Lojasiewicz Inequality, [8]). Let (Mn, g) be a Riemannian
manifold, let f :M → R be a smooth function and p ∈M be a local maximum point
satisfying:
(1) |∇2f |(p) 6= 0,
(2) the set {x ∈M ; f(x) = f(p)} is compact.
Then for every θ < 1, there exists a neighborhood Up containing p and a real number
Cp > 0 such that for every x ∈ Up it holds
|∇f |2(x) ≤ Cp (f(p)− f(x))
θ
.
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It is known that gradient estimates are important and essential for deriving
convergence results in different geometric flows, and most of them are obtained
by analytic methods. Roughly speaking, the reverse  Lojasiewicz inequality tell us
that the bound for the gradient near critical points can be obtained around the
local maxima (or local minima) under suitable conditions. This estimate will play
a crucial role in the proof of Theorem 4. For more details and other applications
see, for instance, [12].
Now, following the procedure adopted in [9], we shall present a No Islands Lemma
which is a slightly modification of Lemma 5.1 in [9]. To be precise, we going to show
that the set ∂E = ∂M ∩E is always nonempty, where E is a connected component
of M \MAX(f).
Proposition 1. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical
metric with boundary ∂M (possibly disconnected). Let E be a connected component
of M \MAX(f). Then E ∩ ∂M 6= ∅.
Proof. We argue by contradiction, assuming that E ∩ ∂M = ∅. In this situation,
since MAX(f) ∩ ∂M = ∅ we deduce that E \ E ⊂ MAX(f), where E stands for
the closure of E in M.
From now on we divide the proof in two cases. Firstly, we assume that Mn has
nonnegative scalar curvature. Whence, we have from (2.2) that ∆f ≤ 0 in E. Then,
we may apply the Weak Maximum Principle to infer
(2.14) min
E
f = min
E\E
f ≥ min
MAX(f)
f = fmax.
Hence, f ≡ fmax in the open set E and, by analyticity of f jointly with fact that
f |∂M = 0 we immediately have that f ≡ 0 on Mn. This leads to a contradiction.
On the other hand, we suppose that Mn has negative scalar curvature. In this
case, we claim that
(2.15) f ≤ −
n
R
.
We also prove this by contradiction. Suppose that there exists a point p ∈ M
such that f(p) > − n
R
, then given a point q ∈ MAX(f) we must have f(q) > − n
R
.
However, ∆f(q) ≤ 0 and therefore, it follows from (2.2) that
−
R
n− 1
f(q)−
n
n− 1
≤ 0.
Whence, we deduce that n ≥ −Rf(p) > n, which is a contradiction.
Proceeding, taking into account that f ≤ − n
R
we can use again (2.2) to infer
∆f ≤
R
n− 1
n
R
−
n
n− 1
= 0.(2.16)
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In order to obtain a contradiction it therefore suffices to repeat the same arguments
used in the proof of the first part. This finishes the proof of the proposition. 
In the following, it is essential to highlight that on a Miao-Tam critical metric
there exists a function Φ satisfying
(2.17) ∆Φ−
1
f
〈∇f,∇Φ〉 = 2| ˚Hessf |2 ≥ 0.
Indeed, for R = 0, it suffices to combine Eq. (2.2) with Lemma 2 to obtain
(2.18) Φ = |∇f |2 +
2
n− 1
f.
Otherwise, if R 6= 0, we can use (2.1) jointly with Lemma 2 in order to deduce
2| ˚Hessf |2 = fdiv
[
1
f
∇|∇f |2 +
2(n− 1)∆f
nRf
∇∆f
]
= fdiv
[
1
f
∇|∇f |2 +
(n− 1)
nRf
∇(∆f)2
]
= fdiv
[
1
f
∇
(
|∇f |2 +
(n− 1)
nR
(∆f)2
)]
.
Of which we deduce
(2.19) Φ = |∇f |2 +
(n− 1)
nR
(∆f)2.
Now we must to pay attention to the coefficient 1/f which appears in (2.17).
The next lemma will be useful to deal with this obstacle.
Lemma 3. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical metric
with boundary ∂M (possibly disconnected). Let E be a connected component of
M \MAX(f) with ∂E = ∂M ∩ E nonempty (possibly disconnected). Suppose that
H2 ≥
n(n− 1)
Rf2max + 2nfmax
on ∂E.
Then we have
|∇f |2 ≤
R(f2max − f
2) + 2n(fmax − f)
n(n− 1)
on the whole E.
Proof. We start the proof recalling that, as a consequence of Lemma 2, we get
∆Φ−
1
f
〈∇f,∇Φ〉 = 2| ˚Hessf |2,
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where the function Φ is given by
Φ =


|∇f |2 +
2
(n− 1)
f, if R = 0,
|∇f |2 +
(n− 1)
nR
(∆f)2, if R 6= 0.
Now, we consider subdomains Eε = E ∩ {ε ≤ f ≤ fmax − ε} for ε sufficiently
small. Moreover, we already know by analyticity of f that the set of critical values
of f is discrete. Hence, there exists a δ > 0 such that for every 0 < ε ≤ δ the level
sets {f = ε} and {f = fmax − ε} are regular. Notice also that
1
f
≤ 1
ε
on Eε.
Proceeding, we may apply the Maximum Principle for the function Φ in order
to infer
(2.20) max
Eε
Φ ≤ max
∂Eε
Φ.
On the other hand, it is easy to check that
Φ|MAX(f) =


2
n− 1
fmax, if R = 0,
n− 1
nR
(
Rfmax + n
n− 1
)2
, if R 6= 0,
and
Φ|∂E =


|∇f |2, if R = 0,
|∇f |2 +
n
(n− 1)R
, if R 6= 0.
Consequently, taking into account that H = 1|∇f | on ∂M, our assumption implies
Φ|∂E ≤


2
n− 1
fmax, if R = 0,
n− 1
nR
(
Rfmax + n
n− 1
)2
, if R 6= 0.
Finally, letting ε→ 0+ in (2.20) we achieve at
Φ ≤


2
n− 1
fmax, if R = 0,
n− 1
nR
(
Rfmax + n
n− 1
)2
, if R 6= 0,
on the whole E. This finishes the proof of the lemma. 
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3. Proof of the Main Results
3.1. Proof of Theorem 1.
Proof. To begin with, notice that since the mean curvature on each component of
the boundary is given by Hi =
1
|∇f |
∣∣∂Mi , where ∂Mi is the component i of the
boundary of Mn, it suffices to show that if a Miao-Tam critical metric satisfies
|∇f |2|∂M ≤
Rf2max + 2nfmax
n(n− 1)
,(3.1)
then there is only one possibility for such a manifold, that is, Mn must be isometric
to a geodesic ball in Rn, Sn or Hn.
In order to do so, let us first recall that, choosing appropriate coordinates, f and
g are analytic [cf. [11], Proposition 2.1]. Hence, f cannot vanish identically in a
non-empty open set. In particular, we can choose a positive number η > 0 such
that, for 0 < ε ≤ η, each level set {x ∈M ; f(x) = ε} is regular.
From now on we consider, for simplicity, the set Mε = {f ≥ ε}. In this case, we
may apply the Maximum Principle in (2.17) to infer
max
Mε
Φ ≤ max
∂Mε
Φ.
Therefore, for R = 0, we have from (2.18) that
lim
ε→0+
max
∂Mε
Φ = |∇f |2|∂M ,
and similarly, for R 6= 0, we obtain by (2.19) that
lim
ε→0+
max
∂Mε
Φ = |∇f |2|∂M +
n
(n− 1)R
.
Hence, it suffices to use (3.1) to arrive at
max
∂Mη
Φ ≤
2
n− 1
fmax, when R = 0
and
max
∂Mη
Φ ≤
n− 1
nR
(
Rfmax
n− 1
+
n
n− 1
)2
, when R 6= 0.
To proceed notice that the set {p ∈ M ; f(p) = fmax} ⊂ Mη, and for every
p ∈ {f(p) = fmax} we have
Φ(p) =
2fmax
n− 1
, if R = 0
and
Φ(p) =
n− 1
nR
(
Rfmax
n− 1
+
n
n− 1
)2
, if R 6= 0.
Furthermore, we already know by the proof of Proposition 1 (Eq. (2.15)) that for
negative scalar curvature case we have R > − 2n
fmax
.
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Finally, it follows from the Strong Maximum Principle that Φ is identically cons-
tant on Mη, and since η was chosen arbitrarily small, we infer that Φ is constant
on M. Therefore, returning to Eq. (2.17) we use (2.4) to conclude that M is an
Einstein manifold. Now, we are in position to use Theorem 1.1 of [18] to conclude
that Mn is isometric to a geodesic ball in a simply connected space form Rn or Sn
or Hn. This finishes the proof of the theorem.

3.2. Proof of Corollary 1.
Proof. On integrating (2.2) we get
∫
M
∆f dMg = −
n
n− 1
V ol(M),
and using the Stokes formula we obtain
area(∂M)
H
=
n
n− 1
V ol(M).
In conjunction with Theorem 1, it implies
(3.2)
area(∂M)√
n(n−1)
R(fmax)2+2nfmax
≤
n
n− 1
V ol(M).
In particular, this expression can be written succinctly as
(3.3)
area(∂M)
V ol(M)
≤
√
n2
2(n− 1)fmax
,
and this proves the assertion.
Next, if the equality holds in (3.3), it suffices to use the equality case of The-
orem 1 to conclude that Mn must be isometric a geodesic ball in Rn of radius√
2(n− 1)fmax.
So, the proof is completed.

3.3. Proof of Corollary 2.
Proof. Since ∂M is isometric to a standard sphere Sn−1(r) we may apply Theorem
11 in [3] to deduce
H2 ≤
(n− 1
r
)2
.
Therefore, using that r >
√
2(n− 1)fmax we immediately conclude thatH2 <
n−1
2fmax
and hence, the result follows by Theorem 1. 
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3.4. Proof of Theorem 2. First of all, we define a functional F : [0, fmax) → R
by
(3.4) F(t) =
(
R(f2max − t
2) + 2n(fmax − t)
n(n− 1)
)−n2 ∫
{f=t}∩E
|∇f |dσ.
We remark that F is well defined. Indeed, as it was previously mentioned f is
analytical and hence, it follows from [14] that the level sets of f have locally finite
Hn−1-measure. Besides the level sets have finite hypersurface area. We also point
out that F(t) is constant for geodesic balls in space forms.
In order to prove Theorem 2 we need to provide a couple of lemmas. In the first
one we going to show that the function F is monotonically nonincreasing provided
the mean curvature of ∂E is suitably bounded from below. This is the content of
the following lemma.
Lemma 4. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical metric
with boundary (possibly disconnected) ∂M, let E be a single connected component
of M \MAX(f). Suposse that
H2 ≥
n(n− 1)
Rf2max + 2nfmax
on ∂E.
Then F is monotonically nonincreasing.
Proof. Firstly, we consider the function
h =
R(f2max − f
2) + 2n(fmax − f)
n(n− 1)
.
With this notation, easily one verifies that
div(h−
n
2∇f) = h−
n
2 ∆f −
n
2
h−
n
2−1〈∇f,∇h〉
= h−
n
2−1∆f(h− |∇f |2).
Now, we invoke Lemma 3 to infer
div
[(R(f2max − f2) + 2n(fmax − f)
n(n− 1)
)−n2
∇f
]
≤ 0.
Upon integrating this over {t1 ≤ f ≤ t2} ∩ E, with t1 < t2, we use the Stokes
formula to infer
0 ≥
∫
{t1≤f≤t2}∩E
div(h−
n
2 ∇f)dσ =
∫
∂{t1≤f≤t2}∩E
h−
n
2 〈∇f, ν〉dS
=
∫
{f=t1}∩E
h−
n
2
〈
∇f,−
∇f
|∇f |
〉
dS +
∫
{f=t2}∩E
h−
n
2
〈
∇f,
∇f
|∇f |
〉
dS
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= −
∫
{f=t1}∩E
h−
n
2 |∇f |dS +
∫
{f=t2}∩E
h−
n
2 |∇f |dS
= −F(t1) + F(t2),
where ν = ∇f|∇f | stands for the unit normal to {f = t1} and {f = t2}, respectively.
Therefore, it follows that F(t2) ≤ F(t1) for t1 < t2. This concludes the proof of the
lemma. 
Proceeding, we need to analyse the behaviour of the functional F when t→ fmax.
In this sense, we have the following lemma.
Lemma 5. Let (Mn, g, f) be an n-dimensional compact Miao-Tam critical metric
with boundary (possibly disconnected) ∂M, let E be a single connected component
of M \MAX(f). Suppose that Hn−1(MAX(f)∩E) > 0. Then lim
t→f−max
F(t) = +∞.
Proof. First of all, we use the  Lojasiewicz inequality (cf. [16], Theorem 4) to deduce
that for each point p ∈MAX(f) there exists a neighborhood Vp ⊂M of p and real
numbers cp > 0 and 0 < θp < 1, such that for each x ∈ Vp we have
|∇f |(x) ≥ cp
(
fmax − f(x))
θp .
Moreover, restricting the neighborhood Vp if necessary, we may assume that fmax−
f < 1 on Vp such that for every x ∈ Vp we have
|∇f |(x) ≥ c
(
fmax − f(x)).
Next, taking into account that MAX(f) is compact, it admits a finite covering
given by Vp1 , . . . , Vpk . In particular, choosing c = min{cp1 , . . . , cpk}, we have that
V = Vp1 ∪ . . . ∪ Vpk is a neighborhood of MAX(f) so that
(3.5) |∇f |(x) ≥ c
(
fmax − f(x)),
for all x ∈ V. Again, since M is compact and f is analytical it holds that for t
sufficiently close to fmax we have {f = t} ∩ E ⊂ V.
From now on we need to analyse the behaviour of F(t) for these values of t. To
do so, observe that from (3.5) it holds
F(t) =
(
R(f2max − t
2) + 2n(fmax − t)
n(n− 1)
)−n2 ∫
{f=t}∩E
|∇f |dσ
≥ c
[
R(f2max − t
2) + 2n(fmax − t)
n(n− 1)
]−n2
(fmax − t) · area({f = t} ∩ E)
=
c(
fmax − t
)n−2
2
[
R(fmax + t) + 2n
n(n− 1)
]−n2
· area({f = t} ∩ E).(3.6)
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Therefore, to conclude the proof of the lemma we need only to show that if
Hn−1(MAX(f) ∩ E) > 0, then
lim sup
t→f−max
area({f = t} ∩ E) > 0.
But, to prove this, it suffices to repeat exactly the same arguments used by Borghini
and Mazzieri [9] in the last part of the proof of Proposition 5.4. We highlight that
the argument used by them in this part of the proof is in fact general. So, we omit
the details, leaving them to the interested reader. 
3.4.1. Conclusion of the proof of Theorem 2.
Proof. We start the proof supposing that
H2 ≥
n(n− 1)
Rf2max + 2nfmax
on ∂E.
In this situation, it follows from Lemma 4 that the function F(t) is monotonically
nonincreasing. At the same time, we deduce
lim
t→f−max
F(t) ≤ F(0),
and the value of F(0) yields
lim
t→f−max
F(t) ≤
(
Rf2max + 2nfmax
n(n− 1)
)−n2 ∫
∂E
|∇f |
≤
(
Rf2max + 2nfmax
n(n− 1)
)− (n−1)2
· area(∂E),
where we have omitted the volume form. Therefore, we obtain
lim
t→f−max
F(t) <∞.
Now, we invoke Lemma 5 to conclude that Hn−1(MAX(f) ∩ E) = 0. This imme-
diately guarantees thatMAX(f)∩E can not disconnect the domain E from the rest
of the manifold M. Hence, E is the only connnected component of M \MAX(f),
which implies that ∂M∩E = ∂M. Finally, it suffices to apply Theorem 1 to conclude
the proof of Theorem 2. 
We now pass to the proof of Theorem 4.
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3.5. Proof of Theorem 4.
Proof. Firstly, we may consider that Hn−1(MAX(f) ∩ E) > 0. Otherwise, if
Hn−1(MAX(f) ∩ E) = 0, it follows that MAX(f) ∩ E can not disconnect the
domain E from the rest of the manifold M and then the result follows by [3].
Moreover, we already know by Lemma 2 that
(3.7) div
[
1
f
∇|∇f |2 −
2∆f
nf
∇f
]
=
2
f
| ˚Hessf |2 ≥ 0.
Next, taking into account that Mn is compact and using the properties of the
function f, it follows that there exists a ε > 0 such that the set {f = t} is regular
for every 0 ≤ t ≤ ε and fmax − ε ≤ t < fmax.
By one hand, upon integrating (3.7) over {ε < f < fmax − ε} ∩ E we obtain
(3.8)∫
{f=fmax−ε}∩E
〈
1
f
(
∇|∇f |2 −
2∆f
n
∇f
)
, ν
〉
≥
∫
{f=ε}∩E
〈
1
f
(
∇|∇f |2 −
2∆f
n
∇f
)
, ν
〉
,
where ν = ∇f|∇f | is the unit normal to {ε < f < fmax − ε} ∩E and we have omitted
the volume forms.
On the other hand, we already know from (2.7) that
1
f
〈
∇|∇f |2 −
2∆
n
∇f,
∇f
|∇f |
〉
= 2|∇f |
(
Ric(ν, ν)−
R
n
)
.
Plugging this data into (3.8) yields
(3.9)
∫
{f=fmax−ε}∩E
|∇f |
(
Ric(ν, ν)−
R
n
)
≥
∫
{f=ε}∩E
|∇f |
(
Ric(ν, ν)−
R
n
)
.
Now, we claim that
(3.10) lim inf
ε→0
∫
{f=fmax−ε}∩E
|∇f |
(
Ric(ν, ν)−
R
n
)
= 0.
To prove this, since Ric(ν, ν)− R
n
is bounded, it suffices to show that
lim inf
t→fmax
∫
{f=t}∩E
|∇f | = 0.
Indeed, by Theorem 5, given a θ < 1, there exists a neighborhood V of MAX(f)
and a real number C > 0 such that
|∇f |2(x) ≤ C (fmax − f(x))
θ
,
for every x ∈ V. Observe that we are considering the same arguments used in
the beginning of the proof of Lemma 5 in order to obtain V, that is, t is chosen
sufficiently close to fmax so that {f = t} ∩ E ⊂ V.
Proceeding, for t close to fmax we immediately have
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∫
{f=t}∩E
|∇f | ≤ C
1
2 (fmax − t)
θ
2 area
(
{f = t} ∩ E
)
.
Taking into account that Hn−1(MAX(f) ∩ E) > 0 we conclude
lim sup
t→f−max
area
(
{f = t} ∩ E
)
> 0.
From this, it follows that
lim inf
t→fmax
∫
{f=t}∩E
|∇f | = 0,
as wished.
Now, taking lim inf
ε→0
in (3.9) we achieve at
∫
∂E
|∇f |
(
Ric(ν, ν)−
R
n
)
≤ 0.
At the same time, by Gauss Equation it holds
(3.11) 2Ric(ν, ν) +R∂E = R+
(n− 2)
(n− 1)
H2,
where R∂E stands for the scalar curvature of (∂E, g|∂E). Whence, it follows that
(3.12)
∫
∂E
|∇f |
(
R∂E −
n− 2
n
R−
n− 2
n− 1
H2
)
≥ 0,
as asserted.
Finally, if the equality holds it suffices to use (3.7) jointly with (2.4) to conclude
that |R˚ic|2 = 0 on E, i.e., E is an Einstein manifold and hence, by the analiticity of
the metric we deduce thatMn is Einstein. Therefore, we apply once more Theorem
1.1 in [18] to conclude that Mn is isometric to a geodesic ball in Rn, Hn or Sn.
So, the proof is finished. 
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